Symplectic spreads in PG(3, q), inversive planes and projective planes  by Thas, J.A.
ELSEVIER Discrete Mathematics 174 (1997) 329-336 
DISCRETE 
MATHEMATICS 
Symplectic spreads in PG(3,q), inversive planes 
and projective planes 
J .A.  Thas*  
Department ofPure Mathematics and Computer Algebra, University of Gent, Krijoslaan 281. 
B-9000 Gent, Belgium 
Received 28 October 1994 
Abstract 
A (line) spread in PG(3,q) is any set of q2 + 1 disjoint lines in PG(3,q). The spread S is 
called symplectic if all lines of S are totally isotropic for some symplectic polarity ~ of PG(3, q). 
An ovoid of PG(3,q), q > 2, is a set of q2+ 1 points, no three of which are collinear; an ovoid 
of PG(3,2) is the same as an elliptic quadric. An ovoid of the nonsingular quadric Q(4,q) of 
PG(4,q) is any set O of points of Q(4,q) which has exactly one point in common with each 
line of Q(4,q). Symplectic spreads of PG(3,q) and ovoids of Q(4,q) are equivalent objects, 
and, for q even, also ovoids of Q(4,q) and ovoids of PG(3,q) are equivalent objects. 
With each symplectic spread of PG(3,q) there corresponds a plane of order 
q2. A 3 - (q2 + 1, q + 1, 1 ) design is called an inversive plane of order q. With each ovoid of 
PG(3, q) there corresponds an inversive plane of order q. 
Here we survey some important characterizations of finite inversive planes, the inversive planes 
of small order, the planes of small order arising from symplectic spreads of PG(3,q), and all 
known classes of ovoids of PG(3,q) and Q(4,q). In Appendix A we also survey the ovoids 
of the nonsingular quadric Q(2n, q), n>~3, of PG(2n, q). In second Appendix B we discuss an 
interesting relationship between flocks of the quadratic one K of PG(3, q) and ovoids of Q(4, q). 
1. Symplectic spreads and ovoids in PG(3, q), ovoids of Q(4, q) 
A (line) spread in PG(3, q) is any set of  q2q_ 1 disjoint lines in PG(3, q). The spread S 
is called regular if for any three distinct lines L1,Lz,L3 of S, the regulus ~(L1,L2,L3) 
(see [9]) containing L1,Lz,L3 belongs to S. The spread S is called symplectic if all 
lines of  S are totally isotropic for some symplectic polarity ~ of PG(3,q), i.e., S is 
syrnplectic if it belongs to a nonsingular linear complex of  lines of  PG(3,q). Any 
regular spread is symplectic. 
An ovoid of PG(3 ,q) ,q>2,  is a set of  q2+ 1 points, no three of  which are collinear; 
an ovoid of  PG(3, 2) is the same as an elliptic quadric. Each elliptic quadric of  PG(3, q) 
is an ovoid; such an ovoid is called classical. For q even, the tangent lines of  an ovoid 
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O, that is the lines having exactly one point in common with O, form a nonsingu- 
lar linear complex of lines of PG(3,q) (i.e., are the totally isotropic lines for some 
symplectic polarity ( of PG(3,q)). 
An ovoid of the nonsingular quadric Q(4, q) of PG(4, q) is any set O of points of 
Q(4,q) which has exactly one point in common with each line of Q(4,q). Equivalently, 
an ovoid of Q(4,q) is any set of q2 + 1 points of Q(4,q), no two of which are on 
a common line of Q(4,q). Suppose that rc is a hyperplane of PG(4,q) for which 
~zOQ(4,q) is an elliptic quadric O of ft. Then O is an ovoid of Q(4,q); such an ovoid 
is called classical 
Let S be a symplectic spread of PG(3, q). Further, let 0 be the Klein mapping (see 
[12]) of the lineset of PG(3,q) onto the hyperbolic quadric Q+(5,q) of PG(5,q) (the 
Klein quadric). As all totally isotropic lines of some symplectic polarity ~ of PG(3,q) 
are mapped by 0 onto the points of a quadric Q(4, q) on Q+(5, q), we have that S o 
belongs to a Q(4,q). Also, S o is an ovoid of Q(4,q). Conversely, with each ovoid of 
Q(4,q) there corresponds a symplectic spread of PG(3,q). The symplectic spread S is 
regular iff the corresponding ovoid S o is classical. 
Let O be an ovoid of Q(4, q), q even, and let n be the common point of all tangent 
hyperplanes of Q(4,q); n is called the nucleus or kernel of Q(4,q). If we project O 
from n onto a PG(3,q) not containing n, then there arises an ovoid O' of PG(3,q). 
The lines of Q(4, q) are projected onto the tangent lines of O ~, that is onto the lines 
of some nonsingular linear complex of lines W(q) of PG(3, q). Conversely, if O ~ is 
any ovoid of PG(3, q) for which the tangent lines are the lines of W(q), then O ~ is the 
projection from n of some ovoid O of Q(4,q). The ovoid O is classical iff the ovoid 
O' is classical. 
Hence, symplectic spreads of PG(3, q) and ovoids of Q(4, q) are equivalent objects, 
and, for q even, ovoids of Q(4, q) and ovoids of PG(3,q) are equivalent objects (con- 
sequently, for q even, also symplectic spreads of PG(3, q) and ovoids of PG(3, q) are 
equivalent objects (see [28]). 
2. Spreads and projective planes 
Let S be a line spread of PG(3,q). Embed PG(3,q) into PG(4,q), and define as 
follows an incidence structure ~¢ = (P,B,I). The points of d (the elements of P) are 
the points of PG(4, q) - PG(3, q). The lines of ~¢ (the elements of B) are the planes of 
PG(4, q) which are not contained in PG(3, q) but contain a line of S. The incidence 1
is the natural one. Then ~ is an affine plane of order q2. The plane d is Desarguesian 
iff the spread S is regular. 
Hence with each symplectic spread of PG(3,q), and consequently, also with each 
ovoid O of Q(4, q), there corresponds an affine (and consequently, also a projective) 
plane of order q2. In the even case, also with each ovoid O of PG(3,q) there corre- 
sponds a plane of order q2. 
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3. Inversive planes and ovoids 
A 3 - (q2 + 1, q + 1, 1) design is called an inversive plane of order q. The blocks 
of an inversive plane are called circles. 
Let J be an inversive plane of order q. For any point p of J ,  the points of J 
different from p, together with the circles containing p (minus p), form a 2 -  (q2, q, 1 ) 
design, i.e., an affine plane of order q. That affine plane is denoted by Jp, and is called 
the internal plane of o¢ at p. 
If O is an ovoid of PG(3, q), then the points of O together with the intersections 
n • O, with n a nontangent plane of O (i.e., n contains q + 1 points of O), form an 
inversive plane of order q. Such an inversive plane is called egglike. For an egglike 
inversive plane J each internal plane Jp is Desarguesian. 
By a celebrated theorem of Dembowski [8], each inversive plane of even order 
is egglike. It is an open question whether or not there exists an inversive plane of 
odd order which is not egglike. If the ovoid O is classical, then the corresponding 
inversive plane is called classical or Miquelian. By a celebrated theorem, indepen- 
dently due to Barlotti [1] and Panella [22], each ovoid O of PG(3,q), with q odd, 
is an elliptic quadric, that is, for q odd each egglike inversive plane is classical or 
Miquelian. 
In Section 6 we shall see that there exist nonclassical egglike inversive planes of 
even order. 
4. Some important characterizations of the classical inversive plane 
The following question is an old, but fundamental problem: if each internal plane Jp 
of the inversive plane J of odd order q is Desarguesian, prove then that J is Miquelian. 
In [35] this proof is given under the even weaker assumption that Jp is Desarguesian 
for at least one point p. In other words, the Desarguesian affine plane AG(2,q) of odd 
order q has a unique one point extension; this extension is the Miquelian inversive 
plane of order q. 
Let O be an ovoid of PG(3, q), q even. Then we have the following theorems. 
(a) (Thas [30]). I f  0 contains q + t conics havino two distinct common points on 
O, then 0 is classical. 
(b) (Thas [29]). I f  0 contains q - 1 conics havin9 two distinct common points in 
PG(3,q 2) -PG(3,q),  then 0 is classical. 
(c) (Glynn [11]). I f  0 contains q conics through the point p havin9 two by two 
just p in common, then 0 is classical. ( Note: a shorter proof was recently 9iven by 
Storme and Thas [27]). 
Theorem (a) was used by Prohaska nd Walker [25] to exclude several types in the 
Hering classification (cf. [9]) of finite inversive planes of even order; relying on (a) 
332 J.A. Thas / Discrete Mathematics 174 (1997) 329-336 
and (c) Glynn [11] was able to show that any finite inversive plane of even order is 
either classical, or of Tits type (see Section 6), or of Hering type 1.1. 
5. Projective and inversive planes of small order 
There exists one projective plane of order n with n E {2, 3, 4, 5, 7, 8}, there are exactly 
four projective planes of order 9, and there is no projective plane of order 6 or 10; 
references can be found in [2]. 
Now we consider the planes of small order arising from symplectic spreads in 
PG(3,q). It is straightforward to show that PG(3,2) admits only regular spreads. Also 
for q=4 [1,22] or q=16 [18,19] every symplectic spread in PG(3,q) is regular. 
So for q E {2,4, 16} the corresponding plane is always Desarguesian. When q=8 or 
q=32, then there are exactly two types of symplectic spreads in PG(3,q) [10,21]. 
Therefore, for q E {8,32} there arise, up to isomorphism, exactly two planes of 
order q2. 
Now suppose that q is odd. It was shown that for q=3 [4], q=5 [5-7,17] or 
q=7 [16] every symplectic spread of PG(3,q) is regular. So for q E {3,5,7} the 
corresponding plane of order q2 is always Desarguesian. 
Next let J be an inversive plane of order q. As each inversive plane of even order 
is egglike and as ovoids of PG(3,q), q even, and symplectic spreads of PG(3,q) are 
equivalent objects, there is a unique inversive plane of order q with q E {2, 4, 16} and 
there are two inversive planes of order q with q E {8, 32}. As there is just one plane 
of order q, q E {3, 5, 7}, it follows immediately from Thas' theorem (see Section 4) 
that each inversive plane of order q E {3, 5, 7} is Miquelian (Remark: the uniqueness 
of these inversive planes was known before, but here we have the first unified proof 
giving also the first computer-free proof of the uniqueness of the inversive plane of 
order 7). 
6. All known ovoids of PG(3, q) 
In Section 3 we already mentioned that, independently, Barlotti [1] and Panella [22] 
proved that each ovoid of PG(3, q), q odd, is an elliptic quadric. 
Now assume that q is even. For q an even power of two the only known ovoids are 
the elliptic quadrics. For q an odd power of two one other type of ovoid is known. 
Let q = 2 2e+l, e~> 1, and let a be the automorphism t ~-~ t e+l  of GF(q). Then 
0 = {(0, 1,0,0)} U {(1,z,y,x)I Iz : xy +x °+2 + S}  
is an ovoid of PG(3,q). These ovoids are called the Tits ovoids [38]. The subgroup 
of PGL(4, q) fixing the Tits ovoid O is the simple Suzuki group Sz(q); it acts doubly 
transitively on O. The projective plane of order q2 arising from the symplectic spread 
defined by O is the so-called Lfineburg plane. 
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Finally, we mention the following interesting result due to Penttila and Praeger [24]: 
if O is an ovoid of PG(3,q) where q > 2 is even, then O is an elliptic quadric or 
a Tits ovoid iff all the plane sections on a given tangent line are translation ovals 
and this tangent line is an axis of one of the ovals (a translation oval of PG(2,q), 
q even, is any oval projectively equivalent to {(0,0, 1)} U {(1,t,t ~) [[ t E GF(q)} with 
7: t ~ fir q = 2h and ( r ,h)= 1; a translation oval is invariant under a group E of 
order q consisting of elations having a common axis, called an axis of the translation 
oval). 
7. All known ovoids of Q(4, q) 
For q even, ovoids of Q(4,q) and ovoids of PG(3,q) are equivalent objects. 
So suppose q is odd. Kantor [14] constructed two types of nonclassical ovoids. If 
Q(4,q) has equation X22 = XoX1 + X3X4, then the first type is given by 
= {(0,0,0, 1,0)} U {(nS ,  y,z,z 2 - ny 'r+l, 1)II y, zEGF(q)}.  
Here n is an arbitrary nonsquare of GF(q) and a ~ 1 is an arbitrary automorphism 
of GF(q). These ovoids are characterized by the property that they are in just one 
way the union of q conics which are mutually tangent at a common point (the point 
(0,0,0, 1,0)); see also [32]. The corresponding planes of order q2 are Knuth semifield 
planes. For the second type, each such ovoid arises from a Ree-Tits ovoid on a non- 
singular quadric in PG(6, q) q = 3 2h- l ,  h ~> 2 (see also Appendix A). For Q(4, q) given 
as above and a : x H x 3h, this ovoid is given by 
X2 = {(0,0,0, 1,0)} U {(x 2~+3 +z'~,x,z,z 2 -x  2°'+4 -xz  a, 1)IIx, zEGF(q)) .  
It can be shown that the corresponding plane is not a semifield plane. Recently, Thas 
and Payne [37] discovered a third class of ovoids of Q(4, q), q odd. Let q = 3 h, h/> 3, 
and let n be a nonsquare. For Q(4,q) given as above the ovoid is given by 
~J -  = {(0, 0, 0,1, 0)} 
U {(cn + (cn- l )  1/9 + bl /3,c,b,- ,  1)E Q(4,q)1[ c, bEGF(q)}.  
For h odd, -1  is a nonsquare, and so the ovoid is given by 
~Y = {(0, 0,0, 1,0)} U {( -c  - c 1/9 + bl /3,c,b,- ,  1)E Q(4,q)II c, bEGF(q)}.  
The fourth coordinate is uniquely determined by the fact that the points of the ovoid 
belong to Q(4,q). These ovoids of Payne-Thas were discovered via the theory of 
translation generalized quadrangles of order (q, q2). It can be shown that the corre- 
sponding projective planes are new [15]. Finally, we remark that these three classes of 
nonclassical ovoids of Q(4,q) are mutually disjoint. 
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Appendix A. Ovoids of Q(2n, q) 
For more details concerning this section we refer to O'Keefe and Thas [20]. 
Let Q(2n, q) be a nonsingular quadric in the projective space PG(2n, q) for n~>2. 
An ovoid of Q(2n, q) is a set O of points of Q(2n, q) which has exactly one point 
in common with each subspace of maximal dimension on Q(2n, q). An ovoid O of 
Q(2n, q) satisfies ]O[ =qn + 1; see e.g. [13]. It is easy to show that if the quadric 
Q(2n, q), n>~2, admits an ovoid, then each quadric Q(2m, q), n>>.m>>,2, admits an 
ovoid; see [31]. 
In the case q odd, there are two classes of ovoids of Q(6,q) known. For 
q = 32r+1, r~>0, there are the Ree-Tits ovoids of Q(6,q) (cf. [14]); for q = 3 h, h~> 1, 
there is a second class of ovoids [33]. Up to a projectivity, the quadric Q(6,3) has 
just one ovoid [23,26]. 
In [31] it is proved that there do not exist ovoids in Q(2n, q), n>~3 and q even. In 
[20] it is proved that if every ovoid of Q(4,q), q odd and q # 3, is classical then Q(6,q) 
has no ovoid. So by Section 5 the quadrics Q(6, 5) and Q(6, 7), and consequently also 
Q(2n,5) and Q(2n,7) with n~>3, have no ovoid. Finally, the quadric Q(2n, q), n>~2 
and q = ph with p prime, admits no ovoid for 
(p+2n-a)  (p+2n-3)  
pn > \ 2n - 2n 
[3]. For example, the quadric Q(2n, q), q = ph, pE{3,5} and n~>4, admits no ovoid. 
Appendix B. Flocks and ovoids 
This section is taken from unpublished notes of Thas [34]. For terminology and 
notation we refer to Thas [36]. 
Let K be a quadratic one with vertex x of PG(3, q). A flock ~ of K is a partition 
of K - {x} into q conics. If all planes containing the elements of the flock #- contain 
a common line, then ~ is called linear. Flocks are used to construct translation planes 
and generalized quadrangles. For a survey on flocks we refer to Thas [36]. Here we 
will just explain an interesting relationship between flocks and ovoids of Q(4, q). 
The plane PG(2, qn), q = ph with p prime, can be represented in PG(3n-  1,q) in 
such a way that points of the plane become (n - 1)-dimensional subspaces belonging to 
a (n -  1 )-spread S of PG(3n- 1, q) and lines of the plane become (2n-  1 )-dimensional 
subspaces of PG(3n-  1,q) (where in each of these (2n-  1)-dimensional spaces a 
(n -  1)-spread is induced by S). Let C be an irreducible conic of PG(2,qn). With C 
there corresponds a set cg of qn + 1 (n - 1)-dimensional subspaces of PG(3n - 1, q). 
Let n be a (2n-1 )-dimensional subspace of PG(3n-1, q) having no point in common 
with the elements of oK. Embed PG(3n - 1, q) in a PG(3n, q). Consider the generalized 
quadrangle T2(C) ~- Q(4,q n) of Tits defined by C. This T2(C) can be represented in
PG(3n, q), where C corresponds to ~ and points of type (i) (which are the points not 
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collinear with the point (o~)) correspond to the points of PG(3n, q) - PG(3n - 1, q). 
Let ~ be a 2n-dimensional subspace of PG(3n, q) containing r~, but not contained in 
PG(3n-  1, q). Then (~-  PG(3n-  1,q))U {(cx~)} defines an ovoid of Tz(C), therefore, 
defines an ovoid of Q(4, qn). 
Now dualize in PG(3n-  1, q): choose, e.g., a polarity in PG(3n-  1, q) and consider 
the polar spaces of subspaces of PG(3n - 1,q). With cg there corresponds a set ~ of 
qn + 1 (2n - 1 )-dimensional subspaces of PG(3n - 1, q); ~ can be considered as a dual 
conic C in a PG(2, qn). With rc there corresponds a (n -  1)-dimensional subspace z~ 
of PG(3n-  1,q) which is skew to all elements of c~. In PG(3,qn)DPG(2,q n) the 
dual conic C defines a dual quadratic one/C. Let ~ be a n-dimensional subspace of 
PG(3n, q) containing z~, but not contained in PG(3n-  1,q). Then ~-  PG(3n-  1,q) 
defines a flock (dual setting) of the dual cone K. 
It is clear that we can also start with z~ and derive the ovoid from the flock. 
The flocks we described here are exactly the flocks of K defining translation gener- 
alized quadrangles. If such a translation generalized quadrangle has order (s,s 2), with 
s = q2 and kernel GF(q), then from the representation f the flock given here it easily 
follows that the flock is of Kantor type K1. 
The ovoids ~ of Q(4,q) constructed by Kantor, and the ovoids ~- -  of Q(4,q) 
constructed by Payne and Thas (see Section 7) are of the type described in this ap- 
pendix; the corresponding flocks are the flocks K1 of Kantor (for a ¢ 1 ) and the flocks 
of Ganley (for q ~> 27). 
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